ON A BOUNDARY VALUE PROBLEM IN SUBSONIC AEROELASTICITY AND 
THE COFINITE HILBERT TRANSFORM. 

PETER L. POLYAKOV 

Abstract. We study a boundary value problem in subsonic aeroelasticity and introduce the cofinite 

Hubert transform as a tool in solving an auxiliary linear integral equation on the complement of a finite 

" j" " interval on the real line R. 

o 
o 

(N 

. , 1. Introduction. 

CN ■ We consider the linearized subsonic inviscid compressible flow equation in 2D ( [BAH] , [Ba2] ) 



< 



X 



,^ ' where Ooo is the speed of sound, M = < 1 - the Mach number, U - free stream velocity, 

Q-oo 

(i){x, z, t) - small disturbance velocity potential, considered on 

M^ X M+ = {{x, z, t) : -oo <x<cx), 0<2:<oo, 0<t<oo}, 



CN ' with boundary conditions: 

,__! ' • flow tangency condition 

^' 

^{x,0,t) = Wa{x,t), \x\ <b, (2) 

\Q oz 



where b is the "half-chord", and Wa is the given normal velocity of the wing, without 



o 

f— ^ . loss of generality we will assume in what follows that 6=1, 

"^ \ • "strong Kutta-Joukowski condition" for the acceleration potential 

1: «-*)-f--^. 



ip{x, 0, t) =0 for 1 < |x| < yl for some A > 1, (3) 

• far field condition 

(/>(x, z, t) -^ 0, as |x| -^ oo, or z — > oo. 

Boundary condition (3), though being motivated by one of the "auxiliary boundary conditions" 
from ([BAH], p. 319), is weaker, because it requires that ip{x,0,t) = not on the whole 
M \ [—1, 1], but only on finite intervals adjacent to the interval [—1, 1]. On the other hand this 
change in the boundary condition allows application of some new mathematical tools different 
from tools in [BAH] and [Ba2]. 
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In order to formulate our main result we introduce the following notations. We denote by 
Wa the Laplace transform of the function Wa with respect to time variable 

Jo 
for ReA > Ca > 0. We also denote 



Wa{x,z,X)= / e Wa{x,z,t)dt 
Jo 



r(A) 



d{X) 



AM2 



C/(l-M2)' 

In sections 5 and 6 we construct a function Djv(A) (equation (41)), analytic in the half-plane 
ReA > Ca > 0, and depending only on the function Kq - the modified Bessel function of the 
third kind. 

The following theorem represents the main result of the paper. 

Theorem 1. Let function DnIX) from equation (41), mentioned above, have no zeros in the 
strip {ReX G [(Ji,(72]}, where di > aa- Let /(I) = [—1,1], and let u}a{-,t) G L^ (/(I)) be such 
that for some e > 

||^a(-,^ + «??)|lL2(j(i)) <exp{-el'?l-(l + |r?|)2+^} /or a G [cii, as] (4) 

Then equation (1) has a solution of the form 

<J){x, z, t) = , / e'^^" +^'')^ 



27r\/l - M2 

{x-yf ^2 



y"^ K, r{a' + ir/) ^-^ + zM h^iy, a' + ir?)dy 



e('^'+^'')*dr/. 



This solution is independent of a' G [o"i,(T2], satisfies boundary conditions above, and function 
ha satisfies the estimate 

C 



{l + \x\Y-'^\ha{x,a' + ir])\^dx< 



(1+Nr 



4 
for arbitrary m > 0, p < —, and C > independent of X. 

The author thanks A.V. Balakrishnan for suggesting and explaining the problem considered 
here, and for his hospitality during author's visits to UCLA. 

2. "General" solution. 
We are seeking a solution of the equation (1) of the form 

ra+ioD 

4>{x,z,t)= e(a;,^,A)e('^+*'')*dr/, (6) 



where X = a + ir], a > aa and ^(x,z,X) G L^rjiW). Then, substituting the expression above 
into equation (1), we obtain the following auxiliary equation for S, 

^ ^1 - M^) g + a^S - A^^ - 2MAa^|i = 0. (7) 



dx^ °^ dz^ dx 

To describe the general solution of equation (7) satisfying the far field condition we consider, 
following [Ba2] 

D{uj,X) = M^(^] +2i^M^u;+{l-M^)uj^, 
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and prove two lemmas below. 



Lemma 2.1. There exists a function \jD{uj, A), analytic with respect to complex variable 
jj + iu> {jj ^C, a; G M) in the half-plane ReX > aa, and such that Re^/D^uj, A) > 0. 

Proof. Representing D{uj,X) as 

D{uj,X) = M'^ (-) +2i-M'^uj+(l-M'^')uj'^ = M'^ (- + iij) +uj^, 

we obtain that the image of the half-plane ReA > aa under the map D{uj,X) is contained in the 
domain C \ M ^ . Then the branch of the function ^ considered on the complex plane with the 
cut along the negative part of the real axis is well defined and analytic on the image of D, and 
its real part satisfies condition of the Lemma. Therefore, the composition \/D is also analytic 
and satisfies the same condition. I I 



Lemma 2.2. The following equality holds 



od{X)x 



fKo r(A) 



1-M2 



V1-M2 
where T denotes the Fourier transform, or 

gd(X)x 



+ z^ 



T 



-z^D{u^,X) 
2^D{uj,X) 



V1-M2 



Ko r(A) 



1-M2 



+ z^ 



z({l- M^){oj + id{X)f + r2(A) 



2v/(l - M2)(w + id{X)Y + r2(A) 
Proof. First, we represent D (cj. A) as 

D (lj. A) = (l - M^) cj2 + 2i-M'^uj + M^ (- 



-duj. 



CO 



V1-M2 + 



AM2 



+ 



AM2 



[/Vl-M2^ 
= {1 - M^){uj + id{X)f + r^{X). 
Changing variables in equality ([EMOT]) 



, + M^ 

f/Vl - M2 / \U 



1 2 I 2\ 2 

-z [u + r 



'-00 lyw^ + r^ 



-du, 



we obtain 



A 



Ka [r(x^ + ^2)2 



Ax\/l-M'^ijj 6 



-z((l-MV+r2^' 



and then 



1 



V1-M2 



Kn \r 



2^/(1 - M2)u;2 + r 

-zf(l-M 



^^d (Vl - W^u) , 



1-M2 



+ ^^ 



2\ 2 I 2\ 2 

^uj +r ^ 



2\/(l - M2)u;2 _^ ^2 



-doj. 
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We transform the equality above by integrating function 



g{x,w) = e* 



-z{(l-M^)w^ + r^^' 



w G 



a/(1 - M'^)w'^ + r'^ 
analytic with respect to w, over the piecewise linear contour 

[-C,C,C + id,-C + id] G C, with CgM,C> 0, d£C, Red > 0. 
Then we obtain 

rC rC+id r—C+id r—C 

g{x,w)dw + / g{x,w)dw + / g{x,w)dw + / g{x,w)dw = 0. (8) 



c 



c 



C+id 



C+id 



For C large enough we have the following estimates for w = u + iv G [— C, — C + id], and 
w£[C,C + id\ 



^ix{u+iv) 



< e 



\x\-Ked 



(1 - M2)u;2 + r^ 



>v/T^M^^, 



-z[{l-M^)w'^ + r'^^^ 



^g-.v^l^M^i, 



and therefore for z > 



C 



g{x,w)d'w 



-c+id 



C 



g{x,w)dw 



as (7 ^ oo. 



Using the last estimate in (8) we obtain equality 



^ix{ui+id(X)) £_ 



z ((1 - M^){uj + id{X)f + r^{X) 



-duj 



^{1 - M'^){oj + id{X)y + r'iX) 



-d{uj + id{X)), 



and finally 



od{X)x 



fKo r(A) 



+ z' 



V1-M2 M ' ' U - M2 

-z f (1 - m2)(w + id(A))2 + r\X) 
2v/(l-M2)(w + id(A))2 + r2(A) 



-dcj. 



(9) 



D 



Using now Lemmas 2.1 and 2.2 we consider a special representation of the general solution 
of (7). Namely, using notations of Lemma 2.2, and denoting 



S{x, z, A) 



^d(X)x 

V1-M2 



Ko r(A) 



1-M2 



+ z^ 
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we consider 



^ix,z,X) 



^d{X)x 



VI -M^ 



S{x-y,z,X)Va{y,X)dy 



"^^^^^o|.(A)(^ + .^^ 



(10) 



Va{y,X)dy. 



Proposition 2.3. Function S^ defined by formula (10) satisfies equation (7). If 

^(x,z,A), -^{x,z,\), -^{x,z,X), \ri\ ^{x,z,X), |r/| — eL [1 

where X = a + irj, then the inverse Laplace transform of S,, defined by the formula (^Boc]j 

1 ra+ioo 



^V)-" 



1 i-cr+ioo 

(x, z,t) = — e('^+^'')*^(x, z,a + ii])d7] 

■^TT J a— too 



fill 



satisfies equation (1). 



Proof. To prove that ^ defined above satisfies equation (7) it suffices to prove tliat function 
S satisfies tlie same equation. For S we liave 



2 f. ,.2\ d'S 



+ at 



'dz^ 



X'^S - 2MXar 



dz^ 



+ h-M 



2^ MM — S -2M^ — —- 



dx^ 



U 



as 

' dx 
U dx 



Using then formula (9), we obtain 

+ (l - M^ 



h I 1 - M ] 



mM^) S-2M^^^ 



U 



+ 



[l-M^)iu; + idf + r^^ ^ 



1-M' 



U dx 

2\/ . , ■ j\2 



z [{I - M^){uj + idy + r 



1 

2\ 2 



2^ {I - M'^){uj + idf + r'^ 



-diO 



-z[{l-M^){uj + idY + r' 
2^{l-M'^){uj + id)'^ + r^ 



2\ 2 



-duj 



+ /"e^-M^l'A^'^ 



z {{I - M'^){uj + idf + r-' 



2\ 2 



2^{l-M'^){oj + id)'^+r^ 



-dcv 



+ 



^ixu^2M^-iuj- 



z [{I - M%u: + idy + r' 



2\ 2 



-duj = 0. 



U" 2^{l-M-'){u: + idY + r^ 
To prove that function (j) defined by formula (11) satisfies equation (1) we apply the inverse 



Laplace transform to equality 



d\ , 2 d\ 



di 



l-M^\-^+ a^-^ - X^i - 2MXaoo^ = 



dx^ 



'dz 



dx 



and obtain equation (1) for (p. 
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3. Boundary Conditions. 



In this section we reformulate the boundary conditions of section 1 in terms of function 
Va{y,X) from formula (10). 

To check the flow tangency condition (2) we use formulas (10) and (9), and obtain 



^C(a:,^,A) 



= -- / S{x-y,z,X)va{y,X)dy 

=0 OZ J-oo 



z=0 



(12) 



J{x-y)uj^ 



-z[{l-M^){u; + id{X)f + r^{X)) 



2^(1 - M'^){uj + id{X)y^ + r^(A) 
e'-^dio I e'^y^vaiy, \)dy = vr • v^ix, A), 



d [°^ 
= -^r / Va{y,X)dy 

OZ J-oo 

~ 2 
which, after comparison with equality (2) leads to a unique choice 

Va{x^\) = —Wa{x,X) for \x\ < 1. 

vr 
To satisfy the Kutta-Joukowski boundary condition (3) we should have 



-dio 



z=0 



(13) 



dt dx 



z=0 



for 1 < |x| < A, 



or equality 



■dL 



AC(x, 0, A) + U^{x, 0, A) = for 1< |x| < ^ 
ox 



for function ^. 

Substituting ^ from formula (10) into equality above we obtain the following condition for 

1 < |x| < A: 

d 



0= {X + U—]^{x,0,X) 



x + uS- 



oxj ^/>-"^^^^° i^^'^ f^:^ + ^^V 1 My^m 



1-M2 



(14) 



z=0 



To reformulate the last condition as an integral equation we use condition (13), and define 



gaix,X) 



odiX)x .1 

: / f.~d{X)y 

with kernel R{x, A) defined by the formula 



R{x — y, X)wa{y, X)dy for 1 < |x| < A, 



R{x,X) 



{X + Ud{X))Ko 



riX)\x\ \ ^jjd ( r(A)|x| 



(15) 



Then condition (14) will be satisfied if Va will satisfy the following integral equation 



^d{\)x 



I?/I>1 



-d(x)yR{x - y, X)va{y. X)dy = -ga{x, X) for 1< |x| < A. 



Further simplifying the equation above we consider ha{y, A) := e "^^^'^-Vaiy, A) as an unknown 
function, and rewrite it as 



R{x - y, X)ha{y, X)dy = fa{x, A) for 1 < |x| < A, 
ls/l>i 

where fa{x,X) = —e"'^^^'^ ■ XA{x)ga{x,X) is defined for 

{(x,A) G M X C : |x| > l,ReA G [0-1,^2]} 



(16) 
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by the formula 



fa{x, A) = -^^ /' e-'^W^i?(x - y, X)wa{y, \)dy (17) 



with 



(I ifxG[-AA]\[-l,l], 
Xa{x) = \ 

y otherwise. 

4. COFINITE HiLBERT TRANSFORM. 

As a first step in the analysis of solvability of (16) we prove solvability for the operator, 
closely related to operator TZ\ from (16), and which in analogy with the Tricomi's definition of 
the finite Hilbert transform [Tr] we call the cofinite Hilbert transform. 

We define the cofinite Hilbert transform on the set of functions on 

r(i)=M\[-i,i] 

by the formula 

V[h]{x) = - f ^^dy for |x| > 1, (18) 

TT J\y\>i y-x 



where the integral 

J\v\>l J-oo Jl 



i>l 

is understood in the sense of Cauchy's principal value. 

In the proposition below we prove solvability for the nonhomogeneous integral equation with 
operator V in weighted spaces 

£P(r(l)) = |/: / \xr'\f{x)fdx<^\ 

with 

\\f\\mi^ii)) = (f \xr'\f{xrdx] . 

\J\x\>l J 

4 
Proposition 4.1. For any function f G C^ {P{1)) with q> - there exists a solution h of 

equation 

V[h] = f, (19) 

4 
such that h ^ C^ (/^(l)) for any p < —. 

Proof. We consider the following diagram of transformations 

LP (1(1)) --J L^ni)) 

i e i e (20) 

£P(F(1)) ^ £P(/"(1)), 
where T is the finite Hilbert transform, V is the cofinite Hilbert transform, and 

9: LP (/(I)) ^£P(r(l)) 
is defined by the formula 

e|/iw = i/(i)^ (21) 



PETER, L. POLYAKOV 



To prove that the maps in diagram (20) are well defined we use equality 



i©[/]ii^p= / \xr'mf]{xrdx= > m 

J\x\>l J\x\>l 



p-2 



/a 



-dx 



-1 



\f{trdt 



and notice that for 

defined by the same formula 



e* : £P {I%1)) ^ LP {1(1)) 

©*[/](^) = -/(-), 
X \x/ 



we have 



e o e* [/] {x) = e 



ri 


n\] 


-t 




ly 


KyJi 



xf{x) = f{x). 



(22) 



Diagram (20) is commutative, as can be seen from equality 



^(') dy^'-f'tj^dt 



V [G[/]] {x) ^ j^^^^^ ^^^ _ ^^ .. ^ j_^ . ^^ _ ^^^2 



1 r fit) 



TTX J-l - —t 

X 



dt = Q [-r[f]] . 



To "invert" operator V we use commutativity of diagram (20), relation (22), and operator 

([So],[Tr]) 

r-i:Lt+(/(l))^L|-(/(l)), 
defined by the formula 

1 /•! /l-y2 g{y) 



r-'[g]ix) 



and satisfying 

Namely, we define operator 

by the formula 
Then 



TT J-i V 1 — x^ y — X 
ToT-\f]=f. 



dy, 



p-i:£t+(r(l))^£t- (/'=(!)) 
V-'[f] = -eoT-^oQ*[f]. 



and we obtain the statement of the proposition for 

h = v-\f]. 

To find an explicit formula for "P"^ we use explicit formulas for and T~^, and obtain 

/(1/y) 



1 /•! / 1 _ 0,2 



x\ f^ / 1 — y 



TTX J -I V 1 — l/x^ y{y — 1/x) 
dy 



dy 



TT J-i V a;2 — 1 



ri 


^iM 


-/ 


- 


Ly 


\yJ\ 



xy-l 



(23) 
D 
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Remark. Following [TV] we notice that solution of equation (19) is unique in C? (/'^(l)), but 
is not unique in larger spaces. Namely, function 

is a solution, and the only one in C?^ (/'^(l)) up to the linear dependence, of the homogeneous 
equation 

V{h\ = 0. 

D 



5. Solvability of equation (16). 

From the asymptotic expansions of i^o(C) (see [EMOT], [GR]) we obtain the following rep- 
resentations of the function R(x^ A) for A such that ReA G [cri, CJ2] with a\ > cja'- 



R{x,X) = -- + Alog(A|x|)a(A|x|) + A/?(A|x|)+7(A|x|) for |Ax| <B, 

— ( 0'~\~'i71i x\ 

R{x,X) = X6iX\x\)^j===^ for|Ax|>5, 



(24) 



^/W¥\ 

where a{Q, /3(C)) 7(C)) ^-iid 5{() are bounded analytic functions on ReC > e > and S > is 
some constant. 

Using representations (24) we introduce function M{x,X), analytic with respect to A G 
{ReA > (Taj) uniquely defined by (24), and such that 

R{x,X) = -- + M(x,A). 

X 

We consider then operators 

Mx[f]{x) 

and 



|y|>i 



XAix)M{x - y, X)f{y)dy, 



nx = TTU-V + M) 



1 



In the next proposition we prove compactness of the operator Aix o'P on £^ (/'^(l)). 

ttU 

Proposition 5.1. For any fixed A G C operator Mx = —r-Aix ° 'P~ is compact on C? (/'^(l)), 
and therefore operator 



g^ = nxoV-' = (ttU ■ V + Mx) oV-' = ttU {I + Mx) 



(25) 



where I is the identity operator, is a Fredholm operator on £^ (/'^(l)) = L^ (/^(l)). In addition, 
kernel N{x,y,X) of the operator A/a admits estimate 



\N{x,y,X)\'^dxdy<C\XlogX\'^ 

with constant C independent of X. 

Proof. Using formula (23) for V^^, we obtain 

Ixl 



(26) 



A6.[5](3 



M) 



'l-u' 



TT^U 7-1 V a; 



1 



ri 
-9 

u 




du 
xu — 1 



10 



PETER, L. POLYAKOV 



M) 



-V 9{y)- 



tt'^U J\y\>i V x2 - 1 y'^{x - y) 



Xa{x) 

TT^f/ 7|u|>l 



M(x — u, \)du 



--9{y)- 



\y\>i \yWv? -I (u-y) 



^^ I 9{y)dy j M{x-u,X) 



TT^U J\y\>l 

with kernel 



\u\\/y'^ — 1 du 



\u\>l 



N{x,y,X) 



XAJx) 



IvWu"^ -I (u-y) J\y\>i 

Mix — u,X) , 7 ^. 

|«|>i \yWv? -l{u-y) 



Nix,y,X)g{y)dy 



To prove compactness of operator A/a we use representation 

1 



N{x,y,X) = ^^[Ni{x,y,X) + N2{x,y, A)] 



with 



and 



Niix,y,X) 



vr^C/ 



Xa{x) 



N2ix,y,X) 



Xa{x) 



\y\ JH>i 



\y\ -'i«i>i 



M{x-u,X)- 



M{x-u,X)\u 



du 



(u-y)' 
VF^-V^?^) du 



Xa{x) 



M{x-u,X) 



\u\{y + u) du 



{u-y) 



y\ J\n\>i ' ( V^^^T + Vu^ - 1) Vw^ - 1 ' 



and prove Hilbert-Schmidt property (cf.[L]) of kernels Ni{x,y,X) and N2{x,y,X). 
For Ni{x,y,X) we notice that for fixed x satisfying 1 < |x| < ^ 

du 



M(x — u, X)\u\ 
\u\>i [u - y) 

is a multiple of the Hilbert transform of an L? (I'^(l)) - function M{x — u, X)\u\ with 

||M(x — u, A)|ti|||/^2 < oo. 

Therefore we have 



du 



dx / dy\Ni{x,y,X)\' 
l<\x\<A J\y\>l 



/ dx dy -;—r M{x — u,X)\u 

Jl<\x\<A J\y\>l \y\ J\u\>l 



y\ J\u\>i 



(u-y) 



<C I (ix||M(x-n, A)k|||72 < oo. 

'l<\x\<A 



(27) 
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For N2{x,y,X) we have 



dx / dy\N2{x,y,X)\' 
l<\x\<A J\y\>l 



dx 



l<\x\<A J\y\>l \y 



dy 



.jt .. 1^1 {y + u) du 

Mix — u, X)-, — ^ s — ^^^= 



< 2 



+2 



dx 



l<\x\<A J\y\>l \y 



dy 



+ Vt^ + l dt 



M(x-Vt2+T,A) , , 

(^y^^^T + t 



(28) 



dx 



l<|x|<yl J\y\>l \y 



dy 



y 



VWTVjdt 



M{x + Vt^+T,X) 

( ^/y2 - 1 + t 



where we changed variable to t = \^u'^ — 1. 

Both integrals of the right hand side of (28) are estimated analogously, therefore we will 
present an estimate of the first of them only. 

For 1 < |x| < A and \y\ > 2 we have inequality 



+ Vt^TT 



<c 



ViF^^ + t 

for some C independent of y, and therefore, using representations (24), we obtain 

FTT)dt 

'r-i + il 



(29) 



/ dx\ fl / M(x-Vt^ + T,A)V^= 

h<\x\<A J\y\>2\yV h ( Vw2 _ 1 



l\<\x\<A 



(30) 



dz 



l<|x|<A 



dy 

l>2 |yp 







M(x - Vt^+T, A)dt 



< CX). 



For 1 < |a;| < A, 1 < \y\ < 2, and t > A + B we again use inequality (29) and obtain 

dy 

lA+B 



f dx f Mr r M{x - Vt^ + 1, A) 

Jl<\x\<A Jl<\y\<2 \yr JA+B 



+ \/t^ + l) dt 



<C^ I dx 

ll<\x\<A J\y\>2 \y 



dy ''°° 

2 



(v/F^T + t 

n M{x - Vt^ + 1, A)dt 
Jo 



(31) 



< oo. 



For 1 < |z| < A, 1 < \y\ < 2, and t < A + B we have 



/ dx / 

"'1<|2:|<A Jl 



dy 



<\y\<2 \y\ 



A+B 



, [y + Vt^TT) dt 

Mix - Vt^+1, A r, —!-^- 

fvF^ + i 



< C / dx / dy 

'l<|a;|<yl Jl<|j/|<2 



^+^ M(x - ^fWT\, X)dt 



<C7|AlogAp / dx dy 

Jl<\x\<A Jl<\y\<2 



ViF^^ + t 

^+B dt 



VlF^^ + t 
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+C|A|^ 



dx / dy 

l<|x|<A Jl<\y\<2 



^+^log|x- Vt2 + l| 



(x/F^T + t 



dt 



<C|A|2 |logA|2 + 



where we used representation 



dx / dy 

l<|a;|<yl Jl<\y\<2 



^+-S log Ix - \/WTl\ 



(v/F^T + t 



dt 



M(x - VW+i, A) = A (log A + log |x - Vt2 + l| ) a{X\x - VW+i 



+A/3(A|x - Vt2 + l|) + 7(A|x - Vt2 + l|) 

for 1 < |x| < A and < t < A + S, which is a corollary of (24). 
To estimate the last integral we represent it as 

^+^ log\x - VWTi\ 



dx / dy 

l<|a;|<yl Jl<\y\<2 



dx / dy 

l<|a;|<yl Jl<|y|<2 



ViF^i + t 



dt 



log I a; — \/t2 + 1| 

S{x,y) i^^y^ - 1 + t) 



dt 



+ / dz / dy 

'1<|2;|<A Jl<\y\<2 



log Ix — \/t'^ + ll 



/{[0,A+i?]\5{a;,j/)} ( ^^"^1 + t) 

where ^(x, y) = -^ t : x — Vt^~+T > ^ (x — 1) \/y'^ — 1 > . 



dt 



Then for S{x,y) we have 



dx / dy 

l<|a;|<A Jl<\y\<2 



<C I dx I dy 

ll<\x\<A Jl<\y\<2 



log |x — \/t2 + 1| 



dt 



^+■5 log |x - 1| + log (v/p^n;; 



Vy^^i + i 



dt 



< C dx dy log^ \/y2 - 1 • I log |x - 1| + log Wy^ _ l ) < C < oo. 

Jl<\x\<A Jl<\y\<2 ^ \ ^ 

For t £ [0,A + B]\ 5(x, y) we have 

+2 1 I 

1 + — > Vt2 + 1 > X - - (x - 1) Jy2 _ 1^ 



and therefore 



— > (x - 1) 
2 - V y 



2 



or 



t > Cy/x^^. 
Using the last inequality we obtain 

^/t^TT 



|dt| < 



-du 



<c 



1 



du 
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and switching to variable u = \/t'^ + 1 for [0, A + S] \ S(x^ y), we obtain 



dx / dy 

l<|a;|<yl Jl<\y\<2 



<C dx dy 

'l<|a;|<yl Jl<\y\<2 



log \x — \/t^ + 1| 
{[Q,A+B]\S{x,y)} (^.^/f-Tl^t^ 

+ \(x-l)yJy-^-l log|n-x| 



dt 



x~\(x^l)yJy-^-l Vy2 _ 1 . ^3. _ 1 



du 



<C dx dy 

ll<\x\<A Jl<\y\<2 



X - 1) Vp--1 • (log {x -I) + log Vp--1 



y/y"^ - 1 • \/a^- 1 
Combining the last two estimates above we obtain 



< C < CXD. 



dx I dy 

l<|x|<A Jl<\y\<2 



^+^log|a;-^/t2TT| 



VF^l+i 



dt 



< C < 00, 



and therefore 



dx 



dy 



A+B 



M(x- Vt2 + 1,A) , ^ 

fy^Trrr + i 



_ (y + VW^) dt 



'l<|a;|<A "'l<|j/|<2 ||/ 

To prove estimate (26) we use the following lemma. 



<C|AlogA|2. 



(32) 



Lemma 5.2. The following estimates hold for 1 <\x\ < A and ReX G [o"i, CJ2] 

\M{x - u, X)\'^u'^du < C|A|^+^ for arbitrary e > 0, 



M{x - Vt^+T, A)dt 



(33) 



<CJ\X\. 



Proof. Using representation (24) for 1 < |a;| < A and |A(x — n)| < i? we obtain 

M{x-u,X) -u = [Alog(A|x -M|)a(A|x - u\) + A/?(A|x-u|) + 7 (A|x - ti|)] n, 
and therefore 

/ \M{x-u,X)\^u^du 

J\x-u\<B/\\\ 

<C I [|A|2f|logAp + log2|x-n|) |a(A|x-ii|)|2 

J\x-u\<B/\\\ L ^ ^ 

+|A|2|/3 (A|x - u|) |2 + I7 (A|x - u|) p] u^dn < C|A|| log Ap. 
For 1 < |x| < A and |A(x — u)\ > B from (24) we have 

^-{a+ir))\x~u\ 



M{x-u,X) = XS{X\x-u 



and therefore 



'|:r-M|>B/|A| 

<C I |A|i+^|(5(A|x-u|)'2 



y/\X\ • |X -U|' 

|M(x-u,A)pti^dx 



g--2a|x-«|^2^^ 



(|A(x-n)|)'|x-n|i-^ ^ '^'^' 
for any e > 0. 

Combining the estimates above we obtain the first estimate from (33). 



l+e 
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For the second integral in (33) we use representation (24), and obtain for 1 < |a;| < ^ and 
|A(x-\/t^TT)| <B 

M{x - Vt^ + 1, X)dt 



< 



\x^VWTT\<B/\x\ 

A log (X\x - Vt2 + l|) a{X\x - Vt^ + 1| 



l\x^y/P+T\<B/\X\ 

+Xp(^X\x-Vt^ + l\) + 7 (a|x - Vi^TTl) \dt< C|logA|, 



C 



where we used the fact that the length of the interval of integration is bounded by ■; — - for some 

|A| 

C>0. 

For 1 < |x| < A and |A(x — vt^-|-l)| > B using representation (24) we obtain 



\x-V£^TT\>B/\X\ 



<C [ X6 (X\x -Vt^ + 1 



M{x - Vt2+T, X)dt 



, <c^\x\. 

'|A|-|x-^/t2TT| 
Combining the two estimates above we obtain the second estimate of (33). 



D 



Using now estimates (33) from the lemma above in estimates (27), (30), and (31) and com- 
bining them with estimate (32) we obtain estimate (26) of Proposition 5.1. I I 

Proposition 5.1 allows us to reduce the question of solvability of (16) to the solvability of 
corresponding equation for Q\. Namely, calling those A for which operator Q\ is not invertible 
by characteristic values ofQx, we have 

Proposition 5.3. // Aq is not a characteristic value of Q\, then for arbitrary function f G 
C"^ {P{1)) and A = Ao there exists a solution h of equation (16) such that h £ C^ {I'^{1)) for 

4 
any p < -. 

Proof. Considering a solution of 

Gx[g]=nxor-'[g]=f 

4 
we define h = V^^lg], which satisfies equation (16) and belongs to £*' (/'^(l)) for any p < — 

according to Proposition 4.1. 

D 



6. The resolvent of operator Q\. 

In this section we construct the resolvent of the operator Qx and show that it is a Fredholm 
operator also analytically depending on A G {ReA > cJi}. 

Let T : L^(IR) -^ L^(M) be an integral operator with kernel T(x,y) satisfying Hilbert- 
Schmidt condition. Following [C], we consider for operator T Hilbert's modification of the 
original Fredholm's determinants: 

T(ti,t2) ••• T(ti,t„: 

T{t2,ti) ••• T{t2,tm] 



T^T,m {tli- ■ ■ itr 



T{trn,ti) 



^ y^rm f- 



m—1) 
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Pt = 1+V<5™ = 1+V— r/ •••/ Vt,, 



1^T,m ( ti, . . . ,tm 



T{x,y) T{x,ti) 
T{h,y) 



(tl, . . . ,tm) dti ■ ■ -dtn 

^ (X, Cm j 
T{ti,t„i) 



(34) 



and 



Pt 



7'(tm,y) 

OO 

T{x,y) + ^ (5m 



-* V^m) t- 



m—li 







m,=l 



OO . 

T{x,y)+J2— ... Vt. 

^-^ m\ Jr Jr 



m \ „, ''I' • • • ) '^m I Oti • • • dtiji. 



(35) 



We start with the following proposition, which summarizes the results from [C] (cf. also [M]), 
that will be used in the construction of the resolvent of Q\ . 



Proposition 6.1. ([C]) Let function T {x , y) : 



C satisfy Hilhert- Schmidt condition 



|T(z,y)| dxdy < oo. 



Then function Vt { ^ ^ L (K ) is well defined, and the following estimates hold: 



Om. ^ 



m 



Vt 



m/2 \\T\\^ 

||T|r, \VT\<e^, 
<e^(|r(x,2/)| + V^a(x)/3(y)) 



(36) 

(37) 



where 



a'{x)= / \T{x,t)\'dt, (3\y)= / \T{t,y)fdt. 
If Vt 7^ then kernel 



Hix,y) = [VTr'.VT 



y 



(38) 



defines the resolvent of operator I — T, i.e. it satisfies the following equations 

H{x,y) + / T{x,t) . H{t,y)dt = T{x,y), 

Jr 

H{x, y)+ f T{t, y) • H{x, t)dt = T{x, y), 

Jr 

and therefore operator I — 7i is the inverse of operator I + T. 



(39) 



D 



Using Proposition 6.1, we construct the resolvent of operator Qx = ^^ (2^ + -^a)) defined in 
(25), and prove the estimate that will be necessary in the proof of Theorem 1. 
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Proposition 6.2. The set of characteristic values of operator Qx coincides with the set 

E{g) = {A e C : Re\> ai, Vn^ = 0} 

and consists of at most countably many isolated points. 

For A ^ E{g) there exists an operator Tix with kernel H{x, y, A) satisfying the Hilbert- Schmidt 
condition and such that operator Z —7i\ is the inverse of operator Z+J\f\, and therefore operator 

—r- (X — TC\) is the inverse of operator Q\. 
ttU 

If function DjylX) = Pjy^ ^'^^ ^"^ zeros in a strip {A : o"i < ReX < (T2}, then operator 7i\ 

admits estimate 

llHAlKexplel"! -(1 + 17/1)2+^} (40) 

for A G {cJi + 7 < ReX < cr2 — 7} and arbitrary e > 0. 

Proof. Applying Proposition 6.1 to operator N\ we obtain the existence of functions 

Vn{X)=Vn^ (41) 

and 



v.: I 



Ai=i>A'>: I 



such that for any fixed A, satisfying I? at (A) 7^ 0, kernel 

i/(x,y,A) = [Pjv(A)]-^-Piv( ^ a)gL2(m2), 

and operator X — fix is the inverse of operator X + Mx- 

Terms of the series (34) for J\fx analytically depend on A, and according to estimates (36) 
this series converges uniformly with respect to A on compact subsets of {A G C : ReA > ai}. 
Therefore, X'jv(A) is an analytic function on {A G C : ReA > o"i}, and the set E{Q) consists of 
at most countably many isolated points. 

Analyticity of X — 7ix with respect to A on 

{A G C : ReA > ai} \ E{g) 

follows from the Theorem VI. 14 in [RS]. It is proved by approximation of the kernel by degen- 
erate kernels and by the argument that can be traced back to at least [M]. 
To prove estimate (40) we use the well known estimate ([L]) 

\\Tf < I \T{x,y)\'^dxdy 

Jr 

for integral operators. Using this estimate, estimates (37) and (26) we obtain 



Vr ' ^ 



^^' y 



X 



< exp {C(l + Mf ■ log2 |,?|}(1 + |,?|)4 . log4 |r,|. 



To estimate function [X'Ar(A)] for A G {o"i + 7 < ReA < (T2 — 7} we use the following lemma. 

Lemma 6.3. If function 'Dj\[{X) = T>n^ has no zeros in the strip {A : ai < ReX < 02}, then 
estimate 

|l/P;v(A)|<exp{eH-(l + |7?|)2+^} (42) 

holds for X G {o"i + 7 < -ReA < cr2 — 7} with fixed 7 > and arbitrary e > 0. 
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Proof. We consider a biholomorphic map 

^ : {A : CTi < ReA < 0-2} -^ B{1) = {z G C : \z\ < 1} , 
defined by the formula 



^(A) 



J(A-o-i) — 2 — .• 



Denoting 



. i(A-cri) '^ 

w = u + IV = e "2-"! 



we obtain for the circle C{r) = {z : \z\ = r} 
^-i(C(r)) = ^a + iT]-. 

= lu + iv : (t? +v^ -2v + l) =r^ [u^ +v^ + 2v + l\\ 



t(A-o-i) '^ 



e ^<'2-<'i + J 



2 / 1+^ 

u + IV : u + \ V 



Ar^ 



Introducing coordinates 



I ty* Zi / / I ty* ^ \^ I 



t = Re^(^-^^\. = Im"^^""^^ 



<T2 - (Tl 



<T2 - CTl 



such that 



yj = u^iv = e '^'^'^2-<^i = e** '^ = e '^ (cos t + sin t) , 



we can rewrite the last condition as a quadratic equation with respect to e ^ for fixed t 



sint 



1 + H 



Solving equation above we obtain 

■ l + r^ 
e = smt- 



+ cos t 



Ar^ 



1 +r^ 



l-r2/ (l-r2)2 



0. 



with solutions existing for t such that 



4j,2 ^1 _|_ j.2\ 

cos^ t 



1-r^ 



cost < 



2r 1 — r 



2r 



The maximal value for e * is achieved at t = ^ and it is 



1 + H 



+ 



J and it is 

2r l + r2 + 2r (1 + r)^ 1 + r 



Therefore the maximal value for |s| is achieved at t = ^, is equal to |s| = log ( jrrf ), and for 
r = 1 — (5 we have the maximal value 

'1 + r' 



max Isl = los 



log (5 + log (2 -5). 



(43) 



\ — r , 

Since function Pjv (A) has no zeros in {A : a\ < ReA < a^] we can consider analytic function 

log ("D AT (A)) in this strip, and using estimates (36) and (26), and equality (43), we obtain the 

following estimate for z = (1 — (5)e 

2 

2 



log V^[^-\z) 



< 



N^-i{z) 



< C 



^-Uz)-loiyh>'Uz] 



< C| log (5 -log (log (5) 
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Using then the Borel-Caratheodory inequahty ([Til], [Boa]) on disks with radii 

l-26 = r<R = l-5, 
we obtain 



< 



2-4(5 



6 \z\=R 



max Re {log (t>n ('I'^Hz))) } 



+ 



{kl=l-2<5} 

1-6+1-26, 



log[VN[^-\0) 



< -log2(5-log2(log(5), 





or 



C 



-log2<5 • log2 (log 5) < Re {log (Pjv {^~\z)))} 



^- ,2x T„„2 



< -log 6 -log (log (5). 

{|2|=l-25} 



From the last estimate we obtain an estimate for the function | I/Pat (\I/ ""^(-z))! in the disk 
D(l-2(5): 



1/Vn(^-\z] 



< exp 



log(5| 



2+e 



6 



(44) 



{kl<l-2<5} ^ 

for arbitrary e > 0. 

For a fixed t G (0, vr) and arbitrary s we have that t + is £ ^^^ (©(r)) with r = 1 — 25 if 



e'*! < sint- 



1 + H 



+ 



4^2 



I fy^ ^ 1/ / I ry* ^ \^ 



COS^ t 



1 +r 
1 — r^ 



2\2 



2 - 4(5 + 4(5^ ^4(1 - 2(5)2 - cos^ t • (2 - 45 + 4(52)2 



2(5(2 - 2(5) 2(5(2 - 2(5) 

and therefore for any interval [7',7r — 7'] there exist constants Ci, C2 such that conditions 

(5 ^^ ^ (5 
imply that t + is G ^"^ (D(l - 2(5)). 



tG [y,7r-7'], 5<el^l< 



Using then estimate (44) we obtain for A with ReA G 
estimate 

|l/P^(A)|<exp{eW-(l + |s|)2+^} 

for arbitrary e > 0, which leads to estimate (42). 



I 7'(o-2-o-l) _ (7r-7')(o-2-o-i) 



Combining now estimate for 



V 



N 



with (42) we obtain estimate (40). 



the 



D 



D 



7. Proof of Theorem 1. 

Before proving Theorem 1 we will prove two lemmas, that will be used in the proof of this 
theorem. 

In order to assure applicability of Proposition 5.3 to /a, defined in (17), we have to prove 
that 

fa G c^ ini)) 

for Wa satisfying (4). In the lemma below we prove the necessary property of fa- 
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Lemma 7.1. Ifwa satisfies condition (4) then fa{x, A) defined by the formula (17) is a function 
in C? {I^(\)) for any fixed X, which satisfies the estimate 



\\fa{-,(T + iv)\\c\l-(i)) < 



Cexp{-el''l-(l + |r?|)2+^} 



(45) 



with some e > for a £ [o"i, (T2]. 



Proof. For a fixed A = a + irj with a £ [o'i,o'2] we choose B > 1, and using second 
representation from (24) of R(x,X) for |Az| > B, obtain an estimate 

\j^\l/2 -X\x-y\ 

\R{x-y,X)\<Cr\ 



Using then condition (4), we have 



vk-y| 



\ 1/2 

\faix,X)\^ dx] 
\x\>B/\X\ J 



(46) 



1 



TT^ 



/|x|>B/|A| 

< C|A|^/2 



-1 



<^^yRix-y,X)wa{y,X)dy 



dx 



1/2 



1 .2x1/2 

e-''\^\\wa{yA)\dy] dx] 
<C|A|V2 /"' |^(y,A)|dy<C|A|i/2£jur,(y,A)|2dy 



< 



Cexpl-el"! -(1 + 17/1)2+^}. 

For |Ax| < B we use the first representation from (24) for R{x — y, A). Since the Hilbert 
transform is a bounded hnear operator from L^ into L"? (see [Ti2], [Tr]), and kernels a (A(x — y)), 
(3 {X{x — y)), and 7 (A(a; — y)) from (24) are bounded, we obtain 

(/ \fa{x,X)\^dx] <C\XlogX\-\\wa{y,X)\\^2^j^,)) (47) 

\J\x\<\B/X\ J ^ ^ » 

<Cexp {-el"! -(1 + 17/1)2+^}, 

where in the last inequality we used condition (4). 

Combining estimates (46) and (47) we obtain (45). I I 



Lemma 7.2. If a function h{y,X) satisfies estimate 



^\h{y,a + iri)\dy < 



C 



;i + N)^ 



for some e > and cti < ReX < 02, then function 

e(x, z, A) = e'^("+*'')^ 



Ko I ria + ir]) [ ^ fj, + z^ \ \ h{y,a + ii])dy 



1-M2 



€Li 



for a £ [o"i,o"2], and satisfies conditions 



d^^{x,z,a + ir]) d'^^{x,z,a + if]) i„|2t^„ ^ ^ , „•^^ i^i^^i^^ ^^^^ + ^vj ^ ^1, 



dx"^ 



dz"^ 



C{x,z,a + iri), |r/| 



(48) 



(49) 



dx 



^TjJ- 



(50) 
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Function 



{x,z,t) -- 
Ko I r((j + irj) 



(T+ioo 



^d(cr+irj)x 



27rVl - M2 Ja- 
[x - yf 



+ z \ h{y,a + ir])dy 



1-M2 
is then well defined for z > 0, and doesn't depend on a £ [o'i,o'2]. 



^{(T+iri)t 



drj 



Proof. To prove inclusion (49) of the Lemma it suffices to prove that under conditions above 
estimate 



^d(a+iri)x 



^ Ko I r{a + ii]) ^ ^^_ ^^ + z^ ] \ h{y,a + ii])dy 



< C{M, z) 

L1(R) (51) 



holds uniformly with respect to o" G [(7i,cr2] for fixed x, fixed z > 0, and for some g\ > Oa- 
Applying then Theorem 47 from [Boc] we will obtain the second part of the Lemma. 

Using asymptotics of -f^o(C) foi' large and for small |C| ([EMOT]) we obtain the existence for 
fixed z > of a constant A{z^ > 0, large enough, such that estimates 



Ko\ria + ^v)(^{^+zA^ 



and 



Ko\r{a + ^,)(^{^ + zA" 



< ^ '/ =^ for \x-y\>A{z), (52) 

V\a + tr]\ -Ix -y\ 

C{M,z) 



< 



VWTvni 



for |x — y| < A{z) 



hold uniformly for a £ [ai, CJ2], with a constant C depending on M and z. 
Combining estimates (52) and (53) with the estimate for h{y, A) we obtain 



,d{a+irj)x 



^Ko \^r{a + i7]) [ \^_^2 +^^] ]hiy,a + irj)dy 



< 



C{M, z) 



e~'''-\y\\h{y,a + iri)\dy < 



y/\(J + ir]\ J-00 

for z > 0, which leads to estimate (51). 

Again using estimates (52) and (53) and analogous estimates for 



C{M, z) 



d 



{x - yf 



9^^°r('^+^^Ui-M2 



+ z^ 



d^ r. r J{x- y? 

^i^o r(. + .,)^-^ 



+ z^ 



and 



S^'»('<''+""(t^ + ^ 



1 - 
2 \ 2 

2 



we obtain inclusions (50). 



(53) 
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To prove Theorem 1 we consider Wa satisfying condition (4), and define fa by the formula 
(17). Using Lemma 7.1 we obtain that fa satisfies estimate (45). Applying Proposition 5.3 to fa 
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and using estimate (40) from Proposition 6.2 we obtain the existence of ha satisfying equation 
(16) and such that 

/^ 

\\ha{;(T + iv)\\cpmi)) < exp {e^"^ • (1 + \v\f^"} ' ll/a(-, ^ + iv)\\cHHi)) < 7f 



+ \v\y 



for arbitrary m, arbitrary p < ,, and o" G [ai, (J2], with Uq < cxi. 



Using the estimate above for p = 1, we obtain 

\ha{x , a + i'r])\ ■ \x\~ dx < 



C 



\x\>l 

From the definition of ha on [—1, 1] as 

ha{x,X) 



(1 + 



(54) 



-'^W^-i^(x,A) 



vr 



and from condition (4) we obtain 

||/ia(x,o- + ir/)||^j,(^(y) = e^'^^^'^'' ■Wa{x,a + ivi) 



LV{I{1)) 



^ C 4 

< C||u;„(-,o- + ir/)||^2(j(i)) < yn for p < -, a G [0-1,(12] with ^a < cJi, 

and therefore 

(J 

\\ha{-,(T + iv)\\LHiii)) < (l + lr/l)" ^^^^ 

for arbitrary m > 0. 

From the estimates (54) and (55) we conclude that function ha satisfies estimate (48), and 
therefore, applying Lemma 7.2 and Proposition 2.3, we obtain that function (p{x, z, t) in formula 
(5) is well defined and satisfies equation (1). 

To prove that <p{x,z,t) satisfies boundary condition (2) we fix x G [—1,1] and denote 6 = 
min {x + 1, 1 — x}. Then we have 

hm — e(x, z, A) = hm — / 5(x - y, z, A)e^(^)^/i,(y, X)dy (56) 

z^O OZ 2^0 OZ J-00 

8 r+f 



lim — £_ / S{x - y, z, X)e''^^^yha{y, \)dy 

S{x-y,z,\)e<''^yha{y,\)dy. 



+ hm -— 
For the first integral in the right hand side of (56) we obtain using Lemma 2.2 

lim ^ 12^ Six - y, z, X)e''^^^yhaiy, \)dy 



hm^— / ^ e''^^^yha{y,X)dy e^(^ 



z ({1 - M^){uj + id{X)f + r^X) 



r"5 9zA-| ^ ."av«,-v-«y_^- - 2^/(1 -M^)(c^ + id(A))^ + r^(A) 

= Wa{x,X). 

For the second integral in the right hand side of (56) we have 

lim I- / S{x-y,z, X)e''^^^yha{y, X)dy 



-duo 
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od{X)x 



liin 



^x^ix^] 



Using then estimate (54) and equality 

d 



ai^M'-w T^ 



+ z 




ha{y,X)dy. 



lim 



(x - yf 



g.^'V^'Ui-AP 



+ Z 




for y G M \ [x — 2)3^ + 2] ^^ obtain that the second integral in the right hand side of (56) is 
equal to zero. 

From equalities above we conclude that 

d 

hm -7z-^{x, z, A) = Wa{x, A) 

z^O OZ 

for X G [^1,1] and ReA G [ai, cr2], and therefore 

d 

Straightforward substitution of fa(x, A) = e'^^'^'^ ha{x , A) into the formula (10), with ha{x, A) 
defined as 

[ ie-'^(A)^ . yy;(^ A) for x G [-1, 1], 
/ia(x,A)= vr 

[ solution of equation (16) for x G M \ [— 1, 1], 

shows that ^(x,2:, A) defined by this formula satisfies equation (14) for 1 < |x| < A. Then for 
(l){x,z,t) defined by formula (11) we will have 

d(f>ix,o,t) ^^d<pix,o,t) 



dt 



dx 



a+ioo 



]_(d_ ^d_ 

2tt \dt dx/ jcr-loo 



e'^*^(x, 0, A)(ir? 



1 ra+ioo 



e^' IX + U- 



8 



\ 



2,7,-.„- V -S.-j«-»-^>*' = » 



for 1 < Ixl < A. 



u 
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